We prove in this paper that stability of the translation equation in the ring of formal power series K½½X (more precisely, in the group of invertible formal series over K) is equivalent to some kind of extensibility of one-parameter groups of truncated formal power series. From this we deduce the stability of the translation equation in K½½X.
Introduction
Following the famous problem of the stability of the equation of homomorphism posed by S. ULAM (cf. [8] ) many authors have studied such problems for various functional equations (see [1] and [2] ). We are going to consider here the problem of stability for the translation equation in the ring of formal power series in one indeterminate. Surprisingly, the considered problem is close to the problem of extensibility of one-parameter groups of truncated formal power series.
In fact, we will show that the stability of the translation equation in the ring of formal power series is equivalent to the possibility of extension of some restriction of a given truncated formal power series (for the concepts of truncation and extension we refer the reader to [5] ).
Our main results about the stability of the translation equation (1) in a ring K½½X of formal power series with K 2 fR; Cg are Theorems 2 and 3 stating Hyers-Ulam stability of the translation equation under a rather mild condition on the group G of the ''time parameter'' t. Let us also mention that the constants in these stability results are best possible.
In this introduction we recall basic notions about formal series and their truncations. Let N stand for the set of all positive integers and let K be the field of real or complex numbers. For k; l 2 N, by jk; lj we denote the set of all integers n such that k n l. Similarly, by jk; 1j we mean the set of all integers n with n ! k. Throughout this paper we will assume that j1; 1j ¼ ;, in the ring of s-truncated formal power series. Definition 7 contains the notion of stability we are investigating in this paper. It is, in fact, the notion of stability which is used in the theory of the classical Cauchy equation, since by the definition of the metric d Definition 7 can easily be reformulated in terms of this metric. However, for considerations involving formal series the concept of order seems to be more convenient than the related metric d.
Stability and Extensibility
We will show here that the Hyers-Ulam stability of the translation equation (1) in formal power series is equivalent with some special kind of extensibility of one-parameter groups of truncated formal power series.
Let us begin with the problem of extensibility of one-parameter groups of s-truncated formal power series (cf. [7] ). In other words, we ask whether for a one-parameter group of struncated formal power series F ½s ðt; XÞ ¼ P s i¼1 c i ðtÞX i there exists a function c sþ1 :
i is a oneparameter group of ðs þ 1Þ-truncated formal power series.
The partial solution of this problem one can find in [4, 5, 6] . Here we will need another kind of extensibility. Namely Definition 3. Let r 2 ð0; 1 and let ðG; þÞ be a group. A one-parameter group F ½s ðt; XÞ ¼ P s i¼1 c i ðtÞX i , t 2 G of s-truncated formal power series is called r-partially 1-extensible if there exists a one-parameter group of formal power series Fðt; XÞ ¼ there is a one-parameter group of formal power series Fðt; XÞ ¼
We prove now that r-partial 1-extensibility of one-parameter groups of truncated formal power series is equivalent to Hyers-Ulam r-stability of the translation equation (1) Thus the problem of stability of the translation equation (1) can be reduced to discussion of extensibility of one-parameter groups of truncated formal power series. We will need a certain form of the general solution of the translation equations (1)- (2) 
We have Theorem 1 (cf. [4, 5, 6] ). Let s be a positive integer or s ¼ 1.
Assume that ðG; þÞ is an abelian group satisfying assumption (A).
There exist sequences of polynomials ðL (a) c 1 ¼ 1 and c n ¼ 0 for every n 2 j2; sj, (b) c 1 ¼ 1, c n ¼ 0 for n 2 j2; p þ 1j, c pþ2 is a nonzero additive function and c n ðtÞ ¼ h n c pþ2 ðtÞ þ L n ðc pþ2 ðtÞ; 1; h pþ3 ; . . . ; h nÀpÀ1 Þ; n 2 jp þ 3; s À p À 1j; c n ðtÞ ¼ a n ðtÞ þ L n ðc pþ2 ðtÞ; 1; h pþ3 ; . . . ; h nÀpÀ1 Þ; n 2 js À p; sj; where ðh n Þ n 2 jpþ3; sÀpÀ1j , h n 2 K for n 2 jp þ 3; s À p À 1j, is an arbitrary sequence of constants and a n : G ! K for n 2 js À p; sj are arbitrary additive functions, (c) c 1 6 ¼ 1 is a generalized exponential function and c n ðtÞ ¼ c 1 ðtÞð n ðc 1 ðtÞ nÀ1 À 1Þ þ P n ðc 1 ðtÞ; 2 ; . . . ; n ÞÞ; n 2 j2; sj;
where ð n Þ n!2 , n 2 K for n ! 2, is an arbitrary sequence of constants.
Now we will consider the problem of extensibility of one-parameter groups of s-truncated formal power series. In fact, we will discuss a more complicated version of extensibility.
Definition 5 (cf. [7] Now we have all tools to discuss the extension problem for oneparameter groups of truncated formal power series. We will generally assume that ðG; þÞ is an abelian group satisfying (A). By AðG; KÞ we denote the vector space over K of all additive functions a: G ! K.
We begin with the discussion of the subcase when dim K AðG; KÞ 1. From Theorem 1 one can easily derive Corollary 1. Assume that ðG; þÞ is an abelian group satisfying (A) and such that dim K AðG; KÞ 1: If F ½s ðt; XÞ ¼ P s i¼1 c i ðtÞX i for t 2 G, where c 1 : G ! Knf0g, c i : G ! K for 2 i s, is a one-parameter group of s-truncated formal power series (this means that F ½s ðt; XÞ is of the form given in Theorem 1), then ðF ½s ðt; XÞÞ t 2 G is l-and 1-extensible for any l 2 N.
If we do not assume that dim K AðG; KÞ 1 then we have Corollary 2. Assume that ðG; þÞ is an abelian group satisfying assumption (A). Let F ½s ðt;XÞ ¼ P s i¼1 c i ðtÞX i for t 2 G, where c 1 : G ! Knf0g, c i : G ! K for 2 i s, be a one-parameter group of s-truncated formal power series (this means that F ½s ðt;XÞ is of the form given in Theorem 1).
(1) If c 1 6 ¼ 1, then ðF ½s ðt; XÞÞ t 2 G is l-and 1-extensible. 1(b) ) on c pþ2 and on some constants, but not on another additive function a n .
We will finish this section with the following very useful and very simple result, which we are able to derive from Corollary 2. Proof. Assume that F ½s ðt; XÞ ¼ P s i¼1 c i ðtÞX i is a one-parameter group of s-truncated formal power series. The case c 1 6 ¼ 1 is trivial. Assume that c 1 ¼ 1. Then (see Theorem 1(b)) the coefficient functions c n with n 2 jp þ 2; ½ 1 2 s þ 1j depend only on c pþ2 , but not on another additive function a n . &
Stability of the Translation Equation in K½½X
Now we prove results stating Hyers-Ulam stability of the translation equation in a ring of formal power series. We consider a definition of stability of functional equations, which is more general than r-stability.
Definition 7. The translation equation (1) where ðL pþ2 n Þ n!pþ2 are the polynomials from Theorem 1, ðh n Þ n 2 jpþ3;MÀpÀ1j , h n 2 K for n 2 jp þ 3; M À p À 1j, is a fixed sequence of constants and a n : G ! K for n 2 js À p; sj are fixed additive functions such that a MÀp 6 ¼ bc pþ2 for any b 2 K (this is possible because of the assumption dim K AðG; KÞ!2Þ: Finally, let c i for i ! M þ 1 be arbitrary. Put Fðt; XÞ ¼ P 
